We study when the existence of an increasing selection can be derived from the monotonicity of a multifunction w.r.t. an extension of the basic order from points to subsets. The most interesting results emerge when the target is a lattice and monotonicity is interpreted in one of the ways suggested by A.F. Veinott, Jr. An increasing selection exists if (1) the multifunction is weakly ascending while every value satisfies a completeness condition, e.g., is chain-complete, or (2) the multifunction is ascending while the target is a sublattice of the Cartesian product of a finite number of chains.
Introduction
We denote B X the set of all nonempty subsets of a given set X. A mapping T → B X is called a multifunction (from T to X). A selection from a multifunction F : T → B X is a mapping f : T → X such that f (t) ∈ F(t) for every t ∈ T.
Given a poset X, a binary relation ≥ * on B X is called an extension of the basic order (from points to subsets) if
Note the strict inequality in the last condition; it is natural when dealing with binary relations that need not be reflexive.
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The most interesting results emerge when X is a lattice rather than just a poset and the basic order is extended to B X in one of the ways suggested by Veinott [20] . Funnily, none of the extensions need be reflexive, and only one of them is transitive. On the other hand, there is an extension of the order to B X , which coincides with one of Veinott's when X is a chain, is a partial order for any poset X, and ensures the existence of an increasing selection from every increasing multifunction without any further assumptions.
An interest in the existence of increasing selections can be justified, e.g., by the fact that most fundamental fixed point theorems based on monotonicity [1, 11, 18] relate to single-valued functions. In game theory, the existence of a Nash equilibrium in a game with "strategic complementarities" is usually obtained by applying Tarski's fixed point theorem to increasing selections from the best response correspondences [12, 19, 21] , even though there are fixed point theorems in the literature that can work in the absence of increasing selections, see, e.g., [17, Theorem 1.1] or [16, Lemma 2.8]. There is also a growing literature on aggregative games [2, [4] [5] [6] [7] [8] 14] , where the existence of an equilibrium can be derived from a wider range of monotonicity conditions (e.g., the best responses may be increasing in some variables and decreasing in others). Every result of this kind needs monotone selections.
A poset X is called chain-complete upwards/downwards if sup Y/inf Y exists in X for every chain Y ∈ B X ; in this case, Y ∈ B X is chain-subcomplete upwards/ downwards if sup Z ∈ Y/inf Z ∈ Y for every chain Z ∈ B Y ⊆ B X . A poset X is called chain-complete if it is chain-complete both upwards and downwards; Y ∈ B X is then chain-subcomplete if it is chain-subcomplete both upwards and downwards.
Given a poset X and Y ∈ B X , we introduce a notation for the subsets of maximal/ minimal elements of Y, denoting
A subset Y ∈ B X is called supported below/above if Y − = ∅ / Y + = ∅. By Zorn's Lemma, if a poset is chain-complete downwards/upwards, then it is supported below/ above.
Lattices as Targets
Veinott [20] defined four extensions of the order from a lattice X to B X (Y, Z ∈ B X ):
